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Abstract 
Powers of distance-hereditary g aphs need not be distance-hereditary, but they come close: 
the house, the domino and cycles of length larger than four are forbidden induced subgraphs, 
whereas the 5-vertex fan may occur. Moreover, all even powers are chordal, and an odd power 
is chordal if and only if the given distance-hereditary g aph has no induced subgraph of 
a certain type (viz. a 4-cycle with pendant paths of suitable length). In addition, one can exhibit 
further small graphs that are forbidden (as induced subgraphs) in either all or just some 
powers of distance-hereditary g aphs. Other invariants of these powers can be expressed in 
terms of distances (yielding a 4-point condition) or intersection patterns (viz. Helly type 
conditions) of disks. 
1. Introduction 
In recent years, powers of graphs from several classes have been investigated; cf. [6]. 
Damaschke has shown in [ 12] that powers of cocomparability graphs are cocompara- 
bility. Furthermore, one of the earliest results on powers of graphs is due to Duchet 
[15]: If G k is chordal, so is G k+2. Consequently, odd powers of chordal graphs are 
chordal, whereas even powers of chordal graphs are in general not. In contrast, all 
powers of strongly chordal graphs are again strongly chordal (cf. [11,26]). 
Raychaudhuri [28, 29] has proved analogous results for (unit) interval and circular 
arc graphs. Powers of special chordal graphs have been studied in [8] and [25]. Every 
power of a graph realizable as the 2-section [5] of a subtree hypergraph is again of this 
kind; see [14]. In all of the above cases - -  except for chordal graphs - -  the considered 
classes of graphs are dosed under taking arbitrary powers. 
In this paper we investigate powers of distance-hereditary g aphs. In general, these 
powers are not distance-hereditary, but they come close: the house, the domino and 
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every cycle of length larger than 4 are forbidden induced subgraphs of all powers G k of 
distance-hereditary g aphs G, whereas the fan may occur for each k ~> 2. 
For basic graph notions we refer to 1-16]. Unless stated otherwise, we consider only 
finite, simple and undirected graphs G. For two vertices x, y of G the distance dG(x, y) 
is the length of a shortest path in G connecting x and y. We omit the index G if no 
ambiguity arises. Let k be a positive integer. The kth power G k of G has the same 
vertices as G, and two vertices are joined by an edge in G k if and only if their distance 
in G is at most k. 
Let x be a vertex of G. We denote the neiohbourhood of x, consisting of all vertices 
adjacent to x, by N(x). The kth neighbourhood ofx, denoted by NR(X), is defined as the 
set of all vertices of distance k to x, that is, Nk(X ) = {y: da(x, y)  = k}.  The disk centred 
at x with radius k is the set of all vertices having distance at most k to x: 
D(x,k):= {v: dG(x,v) <~ k}. 
Helly conditions involving disks naturally lead to classes closed under the power 
operator. For any integer m >~ 3 let h = hm(G) be the smallest number h i> 2 such that 
any m disks that meet h-wise in the given graph G have a nonempty intersection. For 
instance, a graph G is pseudo-modular exactly when h a = 2, see [2]. This is equivalent 
to the requirement that for any three vertices ul, u2, u3 there exists either a triangle 
x1,x2,x 3 or a single vertex xl -- x2 -- x3 satisfying 
dv(ui,uj) = dG(ul,xi) + dG(xi,xl) + d~(xy, uj) for i ¢ j .  
If m is greater or equal to the number of vertices of G, then h = h~(G) is the Helly 
number (for the disks) of G. For example, a graph is disk-Helly (cf. [4]) if and only if 
h = 2. Trivially, the class of graphs G satisfying hm(G) <~ i for some fixed i >~ 2 and 
m/> 3 is closed under taking powers. In particular, this holds for pseudo-modular 
graphs as well as disk-Helly graphs. 
In 1977 Howorka [21] introduced the class of distance-hereditary graphs. An 
induced subgraph H of G is isometric in G if and only if the distance of any 
two vertices x,y within the subgraph H equals their distance in G, that is, 
dn(x, y) = de(x, y) for all vertices x, y of H. A connected graph G is distance-hereditary 
if and only if every induced path of G is isometric. 
2. Basic properties of distance-hereditary graphs 
Several characterizations of distance-hereditary g aphs were provided by Bandelt 
and Mulder [1]. Some algorithmic aspects are considered in [13] and [17]. The 
following propositions list the basic information on distance-hereditary g aphs that is 
needed in the sequel. 
Proposition 2.1 (Bandelt and Mulder [1]). For a connected graph G the following 
conditions are equivalent: 
H.-J. Bandelt et al./ Discrete Mathematics 145 (1995) 3740 39 
house domino fan 
Fig. 1. Forbidden i duced subgraphs in a distance-hereditary graph. 
(1) G is distance-hereditary. 
(2) The house, domino, fan (see Fig. 1) and the cycles Ck of lengths k >~ 5 are not 
induced subgraphs of G. 
(3) (4-point condition for distance-hereditary g aphs) For any four vertices u, v, w, x of 
G at least two of the following distance sums are equal: 
d(u, v) + d(w, x); d(u, w) + d(v, x); d(u, x) + d(v, w). 
If the smaller sums are equal, then the largest one exceeds the smaller ones at most by 2. 
Ptolemaic graphs (introduced in [9]) are exactly those graphs that are both chordal 
and distance-hereditary (cf. [23]). If in a graph G each block (i.e. each maximal 
2-connected component) is a clique, then G is called block graph. In these cases we 
obtain stronger characteristic 4-point conditions. 
Proposit ion 2.2 (Bandelt and Mulder [1] and Howorka [22]). (1) A connected graph 
G is ptolemaic ifand only if, for any four vertices u, v, w, x of G at least two of the following 
distance sums are equal: 
d(u, v) + d(w, x); d(u, w) + d(v, x); d(u, x) + d(v, w). 
If the two smaller sums are equal, then the largest one exceeds the smaller ones at 
most by I. 
(2) A connected graph G is a block graph if and only if for any four vertices u, v, w, x of 
G the two larger distance sums of 
d(u,v) + d(w,x); d(u,w) + d(v,x); d(u,x) + d(v,w) 
are equal. 
Proposition 2.3 (Bandelt and Mulder [2, 1]). (1) Every distance-hereditary graph is 
pseudo-modular. 
(2) Let G be a distance-hereditary graph, and let u be a vertex of G. Then, for 
each positive integer k % max{d(u, v): v e V}, and vertices v, w of the same connected 
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component Of Nk(U) we have 
N(v) c~ Nk- l(u) = N(w) c~ Nk- l(u). 
A most useful feature of distance-hereditary g aphs is their specific dismantling 
scheme (discovered in [1]). This allows to build up all (finite) distance-hereditary 
graphs by successively attaching single vertices as pendant or twin vertices, viz. extend 
a given graph G in one of the following ways: select a vertex  of G, add a new vertex ' 
and make it adjacent to either 
(1) only x (so that x' is attached as pendant vertex to x), or 
(2) x and all its neighbours (then x and x' are called true twins), or 
(3) just all neighbours of x (then x and x' are called false twins). 
In the latter two cases x, x' are said to form a twin pair. 
The mere fact that distance-hereditary graphs can be dismantled by reversing 
these one-vertex extensions has also been established in [17] (with a relatively short 
proof). Our Theorem 4.4 below, however, relies on the stronger assertion (see [1, 
Corollary 1]) that every distance-hereditary g aph with at least four vertices has two 
distinct vertices that can be removed according to (1), (2) or (3). (This, of course, 
parallels the well-known property of chordal graphs, stating that every nontrivial 
chordal graph has two distinct simplicial vertices.) The proof of [1, Theorem 1] is, 
alas, not quite correct in one particular place: the graph G shown in Fig. 2 satisfies the 
hypothesis of the second part of'Case 2' (ibidem) but not its conclusion, viz. z' is the 
unique pendant vertex of G, and the vertices x' and x = z form a twin pair in the 
vertex-deleted subgraph G\z', but G\x'  has more than one pendant vertex. 
In what follows we establish a yet stronger statement and thereby correct he proof. 
Theorem Z4 (cf. Bandelt and Mulder [1]). Every (finite) distance-hereditary graph 
G with at least four vertices has either 
at least two disjoint twin pairs, or 
at least one twin pair and a pendant vertex distinct from these twins, or 
at least two pendant vertices without common eighbour. 
Proof. We proceed by induction on the number n of vertices. For n = 4 the assertion 
is clearly true. So let n/> 5. 
If G contains at least three pendant vertices attached to a common eighbour, then 
we have a twin pair and a pendant vertex. 
xl ~)DX = zO z I 
Fig. 2. A counterexampl¢ to 'Case 2' of [1, Theorem 1]. 
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Next assume that G contains either exactly one pendant vertex or two pendant 
vertices attached to a common eighbour. Let x be a pendant vertex attached to y. By 
the induction hypothesis, the induced subgraph G\x  contains either two disjoint win 
pairs or a twin pair and a pendant vertex distinct from the twins. In the latter case this 
pendant vertex has to be y. Consequently, in both cases there is a twin pair in G\x 
disjoint from y, which serves as a pair of twins in G as well. 
Finally assume that there is no pendant vertex in G. The proof of [1, Theorem 1, 
Cases 3 and 4] indeed confirms that G contains ome twin pair u, u'. By virtue of the 
induction hypothesis, the vertex-deleted subgraph G\u' must contain either at least 
two disjoint win pairs or one twin pair and a pendant vertex different from the twin 
vertices. If the latter holds, then this pendant vertex is necessarily adjacent or equal to 
u, so that u is not one of the twin vertices. Hence in either case we obtain a twin pair in 
G\u' that is disjoint from u. This pair then constitutes the required second pair of 
twins in G. [] 
Unfortunately, none of the above features of distance-hereditary g aphs is inherited 
by their powers. A relaxation of Proposition 2.1(2), however, holds for arbitrary 
powers, as well as a relaxed version of the 4-point condition; see Theorem 3.2, 
Lemma 3.3 and Theorem 4.2 below. The elimination scheme described in Theorem 2.4 
immediately ields a corresponding dismantling process for the proper powers. 
Indeed, every pendant or twin vertex x in the distance-hereditary graph G has 
a neighbour y in G k (k >~ 2) such that the neighbourhood of y in G k together with 
y includes the neighbourhood of x. Hence G k is dismantlable (alias 'cop-win' sensu 
Nowakowski and Winkler [27]). 
Corollary 2.5. Every proper power G k (k >~ 2) of a distance-hereditary graph G is 
dismantlable. 
3. Forbidden configurations 
In this section we will exhibit forbidden configurations in powers of distance- 
hereditary graphs, given by induced subgraphs (Theorems 3.2 and 3.4) or isometric 
subgraphs (Theorem 3.8). 
Lemma 3.1. Let Uo-Ul-U2-U3-Uo be an induced 4-cycle in a power G k (k >~ 2) of 
a distance-hereditary graph G. Then 
d(ui,ui+l) = k and d(ul,ui+2) = k + 1 for all ie  {0,1,2,3} 
(indices taken modulo 4). 
Proof. Since the 4-cycle is induced, we must have 
d(ui,ui+2) + d(Ui+l,Ui+3) ~ 2(k + 1) 
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and 
d(ui, ui+l) q- d(ui+2,ui+3) ~ 2k for i = 0, 1. 
Then, as G is distance-hereditary, equalities hold throughout. [] 
The above distance conditions cannot be realized for k = 2. Indeed, suppose the 
contrary and choose a minimal counterexample G. If G has a pair of twins, not both of 
them are among Uo,..., u3 so that G would not be minimal. Analogously, G cannot 
contain a pendant vertex distinct from Uo ..... u3. Therefore, say, Uo is a pendant vertex 
of G, attached to v. Then d(v,u~) = d(v, u3) = 1, thus conflicting with d(u l ,u3)  = 3. 
Theorem 3.2. Let G be a distance-hereditary graph and k be a positive integer. Then the 
graphs shown in Fig. 3 are forbidden induced subgraphs of G k. 
Proof .  Given an induced house in G k as  indicated in Fig. 3 we must have the following 
distances among u, v, w, x,y in G by Lemma 3.1: 
d(u,v) = d(w,x) = d(v,w) = d(u,x) = k, 
d(u, w) = d(v, x) = k + 1, 
d(w, y), d(x, y) <~ k, 
d(u, y), d(v, y) >>. k + 1. 
Comparing the three distance sums for u, v, w, y in G we find that d(u, v) + d(w, y) <<. 2k 
is the unique smallest one, so that d(u,w)+ d(v,y)= d(u,y)+ d(v,w) in view of 
Proposition 2.1(3), thus yielding d(v,y) + 1 = d(u,y). Substituting w by x in this 
argument would give d(u, y) + 1 = d(v,y), contrary to the previous equality. Hence, 
an induced house is impossible. 
Now suppose that we have an induced domino as described in Fig. 3. Then 
d(u, v) = d(v, w) = d(w, x) = d(x, y) = k, 
d(u, w) = d(w, y) = k + 1, 
d(u, y), d(v, x) >>- k + 1. 
y Z 
w .T U 3" 
11 U 
u y y 
house domino octahedron mi us an edge 
Fig. 3. Forbidden induced subgraphs in powers of distance-hereditary graphs. 
H.-J. Bandelt et al. / Discrete Mathematics 145 (1995) 37~50 43 
Among the three distance sums for u, v, w, x in G there is a unique smallest one, 
viz. d(u,v)+ d(w,x )= 2k. Consequently, the two larger ones must be equal by 
Proposition 2.1(3), thus yielding d(u,x) -= d(v,x) + 1. Similarly, d(v,y) = d(u,y) + 1. 
But now 
d(u,v) + d(x ,y )=2k  ~ d(u,y) + d(v ,x ) -2  
= d(u,x) + d(v,y) - 4, 
contrary to the 4-point condition in G. Therefore we cannot have an induced domino. 
Given an induced octahedron minus an edge as shown in Fig. 3, the distances from 
y, z to u, v, w, x are all equal to k, whereas d(u, w) = d(v, x) = d(u, x) --- k + 1 by virtue 
of Lemma 3.1. Then 
d(u,v) + d(w,x) ~ 2k, 
d(u, x) + d(v, w) <~ 2k + 1, 
d(u,w) + d(v,x) = 2k + 2, 
whence, by Proposition 2.1(3), the two smaller sums must be equal to 2k, yielding 
d(u, v) = d(w, x) = k = d(v, w) + 1. But now the three distance sums for v, w, x, y are all 
different. We conclude that the octahedron minus an edge cannot occur either. [] 
Lemma 3.3. Let G be a distance-hereditary graph. Then G k (k >i 2) does not contain any 
induced cycle of length larger than 4. 
Proof. Suppose the contrary. Choose a distance-hereditary g aph G with the smallest 
number of vertices such that some power G k contains an induced n-cycle 
Uo- ul . . . . .  u, 1-Uo with n/> 5. Then d(ui, ui+ 1) <~ k for i = 0 ..... n - 1 (indices taken 
modulo n), whereas all other 'diagonal' distances between the ui's are at least k + 1. 
This cycle certainly does not include any two vertices forming a pair of twins in G. So, 
in view of the minimality assumption, say, Uo is a pendant vertex of G. The neighbour 
v of Uo in G is different from all vertices of the given cycle. Substituting Uo by v in that 
cycle results in a cycle within (G\uo) k. Since G is minimal and does not contain any 
induced house or domino by Theorem 3.2, we conclude that v is adjacent o all ul in 
G k. Hence 
d(uo,ui)=d(v,  u l )+ 1 =k+ 1 for a l l2~<i~<n-2 .  
Therefore 
d(uo,ul)  + d(u2,u3) ~ 2k, 
d(uo,u3) + d(Ul,U2) ~ 2k + 1, 
d(uo,uz) + d(ul,u3) ~ 2k + 2. 
44 H.-J. Bandelt et al./Discrete Mathematics 145 (1995) 37-60 
Thus, by applying the 4-point condition, the distance sums must be exactly 2k, 2k and 
2k + 2, respectively. This gives 
d(ul,u2) = k -  1, 
d(uo,ul) = d(u2 ,u3)  = k, 
d(Ul,Ua) = k + 1. 
If n = 5, then, by symmetry, we also have d(uo, u4) = k and d(u2, u4) = k + 1. The 
distance sums for u0, ul, u2, u4 are thus 2k - 1, 2k + 1, and at least 2k + 2, respective- 
ly, contradicting the 4-point condition. 
So assume n~> 6. Among the three distance sums for Uo,Ul,Ua,U4 the sum 
d(uo, ul) + d(ua, u4) is the unique smallest one. Hence equality of the two larger ones 
holds, yielding d(u~, u4) = k + 1. This in turn leads to three distinct distance sums for 
u~, u2, u3, u4, an impossibility. 
This completes the proof. [] 
An immediate consequence of Theorem 3.2 and Lemma 3.3 is that powers of 
distance-hereditary g aphs are weakly chordal. Weakly chordal graphs were intro- 
duced by Chvfital [10] and characterized in [19,20]. A graph G is called weakly 
chordal if and only if G does not contain an induced subgraph isomorphic to Ck or tYk, 
the complement of Ck, for k ~> 5. Note that each Ck for k >/6 contains an induced 
house, and (75 is isomorphic to C5. A graph G is chordal if and only if G is weakly 
chordal and C4-free. 
Theorem 3.4. Let G be a distance-hereditary g aph, and let k be a positive integer. Then 
the kth power G k is weakly chordal. Furthermore, very even power of G is even chordal. 
Proof. Recall that the distances in G between the vertices of an induced 4-cycle of 
G 2 cannot conform to the requirements of Lemma 3.1. Hence the square G 2 of a 
distance-hereditary g aph is chordal, and consequently, byDuchet's theorem, all even 
powers of distance-hereditary g aphs are chordal. [] 
Hayward et al. [20] characterized weakly chordal graphs in terms of so-called 
2-pairs: a graph G is weakly chordal if and only if every induced subgraph of G is 
a clique or contains a 2-pair, that is a pair of vertices x,y such that every induced 
(x, y)-path is of length 2. 
In what follows we will characterize the 2-pairs in the power G k of a distance- 
hereditary graph G in terms of distance conditions within G. First we need a lemma. 
Lemma 3.5. Let u, v, x, y be vertices of a distance-hereditary graph G such that 
d (u ,v )<d(x ,y )=k  + 1, d (x ,u )~k  <d(u,y), d (v ,y )~k  <d(x,v), 
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where k > 1. Then k is necessarily even, G k- 1 contains an induced 4-cycle, and 
d(u,v) + 1 = d(x,u) = d(y,v) = k, 
d(x, v) = d(u, y) = d(x, y) = k + 1. 
Proof. The 4-point condition applied to u, v,x,y immediately ields the required 
distances. Thus, it only remains to show that k is an even number and there exists an 
induced 4-cycle in G k- 
Recall that G is pseudo-modular. 'If k is odd, then so is d(x, u) + d(x, y) + d(u, y). 
Thus there exists a triangle a-b-c-a such that 
d(x, u) = d(x, a) + 1 + d(b, u), d(x, y) = d(x, a) + 1 + d(c, y), 
d(u, y) = d(u, b) + 1 + d(c, y). 
Solving this system of linear equations yields 
k -1  k+l  
d(x,a) = d(u,b) - >/1 and d(y,c) = - -  
2 2 
In the case of even k there is a vertex a such that 
d(x,u) = d(x,a) + d(a,u), d(x,y) = d(x,a) + d(a,y), 
d(u, y) = d(u, a) + d(a, y). 
Consequently 
k k 
d(x,a) = d(u,a) = ~ >l l and d(y,a) = ~ + l. 
Hence in either case we can choose a neighbour w of x such that 
Then 
LkJ d(w,a)= ~ -1 .  
d (w,u)=k-  1 and d(w,y )=d(w,v )=k  
in view of the 4-point condition for u, v, w, y. By a similar argument applied to the 
triple v, w, y we obtain a neighbour z of y satisfying 
d(v,z) = d(w,z) = k -1  and d(u,z) = k. 
We conclude that u - v - z - w - u constitutes an induced 4-cycle in G k- ~. Con- 
forming to the preceding theorem, k must be even. [] 
Theorem 3.6. For a distance-hereditary graph G and a positive integer k, two vertices 
x, y form a 2-pair in G k if and only if 
(1) d(x,y) = k + 1 and 
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(2) if k is even, then every pair of  vertices u ~ D(x, k)\D(y,  k) and v ~ D(y, k) \D(x,  k) 
must be at distance at least k + 1. 
Proof. Trivially, if x, y is a 2-pair in some power of a distance-hereditary graph, then 
conditions (1) and (2) are fulfilled, for otherwise, we would obtain an induced 
(x, y)-path of length 3. 
Conversely, suppose that two vertices x, y satisfy both (1) and (2), although there is 
an induced path x-v1 . . . . .  v,-y of length n + 1 >/3 in G k. I fn = 2, then k must be odd 
by virtue of (2), which however is in conflict with Lemma 3.5. Hence we may assume 
n >~ 3. Let w be the neighbour of x on an induced (x, y)-path in G. By Theorem 3.2 and 
Lemma 3.3 the vertex w must be adjacent o each of the vertices x, vl ..... v., y in G k, 
whence 
d(x, v l )=d(w,  v l )+ l=k+ 1 for a l l i=2  ..... n. 
Applying the 4-point condition to the vertices w, v,_ 1, v,, y and w, v._ 2, v., y yields 
d(v ,_ l ,v . )  = d(y,v,) and d(v. -2 ,y)  = d(v._2,v,), 
respectively. For the four points v,_ 2, v, 1,v,, y one infers d(v,_ 1, v,) = d(v._ 1, Y), 
a contradiction. [] 
The n-octahedron (or hyperoctahedron) is the complement of the disjoint union of 
n >~ 2 edges. In particular, the classical octahedron is the 3-octahedron. 
Theorem 3.7. Let G be a distance-hereditary graph. Then every induced hyperoctahed- 
ton in an (odd) power G k (k >>. 2) is included in some nei#hbourhood in G k. 
Proof. Let H be an induced hyperoctahedron in G k, k t> 2. By Lemma 3.1, adjacent 
vertices of H are at distance k in G, whereas nonadjacent vertices of H are at distance 
k + 1 in G. Now proceed by induction on the number of vertices of G. Since no pair of 
vertices of H can form a twin pair in G, we may assume (by virtue of the induction 
hypothesis) that some vertex x of H is a pendant vertex of G. Its unique neighbour y
in G is then at distance at most k in G to all other vertices of H. This completes 
the proof. [] 
Unfortunately, the chordal powers of distance-hereditary graphs need not be 
strongly chordal. A graph G is stronoly chordal if and only if G is chordal and sun-free, 
where an n-sun is a cycle Wo-Wl . . . . .  w,_ ~-Wo (possibly with chords) and an indepen- 
dent set Xo,Xl ... . .  x , - i  such that wi is adjacent o x s exactly when i = j  or i = j  + 1 
(modulo n). 
Even worse, to every k ~> 2 and n ~> 3 we can find a distance-hereditary graph 
G such that G k includes an induced n-sun. A pertinent construction is indicated in 
Fig. 4. Observe that here none of these n-suns for n ~> 4 is isometric or included in 
some neighbourhood of G k. 
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Fig. 4. An induced chordal n-sun in G k. 
Theorem 3.8. No power G k (k ~ 2) of a distance-hereditary graph G contains an 
isometric n-sun for n >~ 4. Furthermore, each induced 3-sun is contained in some neigh- 
bourhood of G k. 
Proof. Suppose that for some integers k >~ 2 and n/> 4 the power G k contains an 
isometric n-sun with independent set {Xo,...,x,_,} as described above. Then 
d(xi, xi+ 1 } ~< 2k for all i, whereas the distance in G between any other distinct vertices 
from the independent set is at least 2k + 1 because their distance in G k is at least 3. 
Therefore the vertices xo .... , x._ ,  induce an n-cycle in the chordal power G 2k, which 
is absurd. 
Recall that powers of pseudo-modular g aphs are again pseudo-modular. On the 
other hand, a house-free graph H without induced cycles of length larger than 4 is 
pseudo-modular if and only if the vertices of any induced 3-sun have a common 
neighbour in H; see [2, Proposition 43 in conjunction with I-3, Lemma 2-1. E3 
Next we clarify under what circumstances we can actually have an induced 4-cycle 
in some odd power. 
Theorem 3.9. Let G be a distance-hereditary graph and let k = 2p + 1 >>, 1 be odd. If  
Uo-Ul-U2-U3-U o constitutes an induced 4-cycle in the power G 2p+ 1, then there exists an 
induced 4-cycle Vo-Vx-VE-V3-Vo in G such that d(ui, vi)= p for i t  {0 ..... 3}. Hence 
GEp+ 1 is chordal if and only if G does not contain the 4-cycle with pendant paths of length 
p at each vertex as an induced subgraph. 
Proof. From Lemma 3.1 we know that d(ui, ui+l)= k and d(ui,ui+2)-~ k + 1 for 
i e {0 ..... 3} (indices modulo 4). Choose vertices Vo,..., v3 such that 
(P1) d(ui, uj) = d(ul,vi) + d(vi,vj) + d(vi,u~) for i # j  e {0 ..... 3}; 
(P2) z:= d(vo,v,) + d(v2,v3) = d(vo,v3) 4- d(v l ,v2)  = d(vo,v2) + d(Vl,V3) - 2 is 
as small as possible. 
Such a choice is feasible: indeed, setting vi = ui fulfils (P1) and the equalities in (P2). 
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Let H be a minimal connected induced subgraph of G containing the vertices 
Vo ..... v3. Assume that H has a pendant vertex. Then this vertex is one of Vo ..... va, for 
otherwise, this pendant vertex can be removed without changing condition (P2), 
a contradiction to the minimality of H. Now, let Vo be this pendant vertex and z its 
neighbour. Suppose z = vj for somej  e {1,2, 3}. We obtain 
d(vo,vi) = d(vj, vi) + 1 for i~ {1,2,3}\{j}. 
This equality leads to a conflict with (P2): indeed, ifj = 1 (or analogously, j = 3), then 
1 + d(V l ,V3)  + d(V l ,V2)  = z = d(V l ,V2)  + d(V l ,V3)  - 1; 
and, i f j  = 2, then 
1 + d(v l ,v2)  + d(vz ,V3)  = z = d(v l ,v3)  - 1, 
again a contradiction. Therefore z is not among the vertices Vo ..... v3. Since Vo is 
a pendant vertex, we obtain 
d(vo,vs) = d(z, vj) + 1 fo r j~  {1,2,3}, 
and hence d(uo, z) = d(uo, %) + 1 by (P1). Therefore substituting Vo by z leaves (P1) 
satisfied, but decreases the three distance sums in (P2) by 1, thus violating the 
minimality of z. 
Next assume that H has a pair of true twins x,y. If not both of them are among 
Vo ..... v3, then one vertex could be removed without affecting Vo ..... v3 or disconnect- 
ing H, contrary to the minimality of H. Therefore, say, x = Vo and y e {vl,v2}. If 
y = vl then 
d(vo ,v3)  q- d(Vl,V2) = d(v l ,v3)  'k d(vo,v2), 
conflicting with (P2). Otherwise, if y = v2, we obtain 
d(vo,vl) + d(v2 ,v3)  =- d(vo,Vl) + d(vo,  V3) 
>>-- d(vl,v3) = d(vo,v2) + d(Vl,V3) - 1, 
again a contradiction to (P2). 
Hence by Theorem 2.4, H contains two disjoint pairs of false twins. Again, if one of 
these four vertices is not among Vo ..... v3, it can be removed without disconnecting H,
a contradiction to its minimality. Thus, the twins cover the vertices Vo ..... v3. In view 
of (P2) we conclude that Vo,V2 is one pair and vl,v3 the other one, so that 
Vo-Vl-V2-Va-Vo constitutes an induced 4-cycle. Moreover, (P1) and Lemma 3.1 imply 
d(ul, vi) = d(uj, vi) for i,j e {0,..., 3} 
and hence, again by (P1), 
k -1  
d(ul ,  vi) = 2 = p" [] 
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4. Distance conditions 
For the next theorem we need the following auxiliary fact. 
Lemma 4.1. Let ~, fl, 7, 6 >~ 0 and k >1 2 be integers. Then 
I k l  + [~ - [k l  - I~ l  ~< max{1,~ + f l -  ~ - 5} • 
Proof. Since 
we may assume 5 = 0 by changing 7 to 7 + 6. As 
for y + r = mk with z < k, we can assume y =mk for some nonnegative integer m. 
Clearly, we may successively decrease y and one of ~, fl by k until either y becomes zero 
or both ~ and fl drop below k, without changing the value of the left side of the 
asserted inequality. Assume the former. If y = 0 and ~ + fl ~< 1, then the asserted 
inequality holds. Now, let ~ + fl/> 2, and let n,, n a < k be nonnegative integers uch 
that k divides ot + n, and/3 + n a. Then 
~+f l+2k-2  ~< 
k 
Finally, for ~ > 0 and 0 ~< ~, fl < k we obtain 
-<'. 
This completes the proof. [] 
In what follows let d be the distance function of a distance-hereditary g aph G. Then 
dR denotes the corresponding distance function of the kth power G k of G. Note that 
dR(X, y) = F d(x, y)/k 1. 
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Theorem 4.2. Every power G k of a distance-hereditary graph G satisfies the following 
relaxation of the 4-point condition for distances: 
dk(U,V) + dk(W,X) <-% dk(u,w) + dk(V,X) <-% dk(U,X) + dk(V,W) -- 2 
implies dk(U, v) + dk(W, x) = dk(U, w) + dk(V, x) = dk(U, x) + dk(V, w) -- 2 
for all vertices u, v, w, x. 
Proof. Since G is distance-hereditary, two of the distance sums d(u,v)4- d(w,x), 
d(u, w) + d(v, x) and d(u, x) + d(v, w) must be equal by Proposition 2.1(3). Necessarily, 
d(u, v) 4- d(w, x) = d(u, w) + d(v, x) 
because the corresponding distance sums in G k can differ by at most 1 according to 
Lemma 4.1. Then, as 
d(u, x) + d(v, w) <~ d(u, v) + d(w, x) + 2, 
we infer from Lemma 4.1 that 
dk(U, x) + dk(V, W) <~ dk(U, V) + dk(W, X) + 2, 
as required. [] 
Theorem 4.3. For any four vertices u, v, w, x of a ptolemaic graph G the larger two 
distance sums Of dk(U, v) + dk(W, X), dR(U, W) + dk(V, X), dk(U, X) + dk(V, w) in G k differ by 
at most one. 
Proof. If the two larger distance sums in G are equal, then the corresponding sums in 
G k differ by at most 1 according to Lemma 4.1. Otherwise, the two smaller sums in 
G are equal, and the larger one exceeds these by 1. Hence by Lemma 4.1 all three 
corresponding sums in G k differ by at most 1. [] 
The next theorem entails a parity condition for the intersection of disks in a dis- 
tance-hereditary graph (that is inherited by the powers; see the next corollary). 
Theorem 4.4. Let G be a distance-hereditary graph with at least four vertices, and let 
m >>, 3. Assume that m disks D(ui, Pi) (i = 1 ..... m) meet (m - 1)-wise, but not altogether, 
where the sum Pl 4- "'" 4- Prn of radii is as small as possible. Then m = 2n is even and 
Ul ..... Ur, induce an n-octahedron. In particular, the Helly number of G (for all disks) is 
the smallest number 2n such that the vertices of any induced k-octahedron have a com- 
mon neighbour in G whenever k > n. 
Proof. Suppose the theorem fails: let G be a minimal distance-hereditary g aph for 
which this happens. First note that p~ ~> 1 for all i. Any pendant or twin vertex of 
G different from ul .....  um can be removed without changing the intersection pattern 
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of the disks. Therefore all twins and pendant vertices are included in the set 
{ul . . . . .  u,,}. If, say, ul is a pendant vertex, then we can substitute ul by its neighbour 
and reduce the radius Pl by 1, thus obtaining a system of disks with the same 
intersection properties but smaller sum of radii. If u l, u2 form a pair of true twins with 
P~ >>-Pz, then the intersection of all D(u~,p~) with i>~ 2 would be contained in 
D(u l ,p l ) ,  contrary to the hypothesis. We conclude by Theorem 2.4 that G has two 
disjoint pairs of false twins, say Ul, u2 and u3, u4, so that necessarily m ~> 4. If, for 
instance, p~ >/2 and p~ >~ P2, then D(u~,p~) would include the intersection of all the 
other disks, contrary to the hypothesis. Therefore p~ = 1 for i = 1, 2, 3,4. If, say, u4 is 
not adjacent to ul, then 
D(ux,px)  n D(u2,P2 ) ~ O(u3,P3 ) = D(u l ,px)  ~ D(u2,p2) ~ O(u4,p4), 
whence the intersection of all disks would be nonempty, a contradiction. It follows 
that u~-u3-Uz-U4-U~ constitutes an induced 4-cycle in G. So, we have m ~> 5. Note that 
for each i = 1, 2, 3, 4 the intersection of all disks D(uj, p~) with j ~ i is a singleton, viz. 
the twin sister of u~. If, say, d(ul ,  us) < Ps, then every vertex in the intersection of the 
disks D(ui,pl ) for i 4:5 would be at distance no more than d(Ul,U5) -1- 1 ~< P5 from us, 
which however is impossible. This shows that 
d(ui, u j) = P,i for i = 1, 2, 3, 4 and j 7> 5. 
Hence, by Proposit ion 2.3(2), there exists a common neighbour of ul ,u2 ,u3,u4 at 
distance P5 - 1 to us. We infer that m >~ 6. Now, fo r j  = 5 . . . . .  m pick 
vj E ('] D(ui, Pl). 
i = 1 . . . . .  m 
i c j  
Then 
Pl - 1 <~ d(ul, v j) <<, Pi for all j ~ i ( j , i /> 5). 
Choose any induced paths connecting each ui (i >~ 5) with each v~ (j ~ i , j  >~ 5). These 
paths together with ul, u2, u3, u4 induce a connected subgraph of G in which the disks 
centred at ui with radius p~ (i = 1 .. . . .  m) have the same intersection pattern as in G. By 
minimality of G this subgraph exhausts G. Assume that x is a neighbour of ul different 
from u3,u4. Then x is on a shortest path from u~ to v~ (i 4:j, i ~> 5), say. Since 
d(ul ,  ui) = Pi >~ d(ui, vj) >1 Pi - 1, 
it follows that x = v~ or d(u~, x) = pi - 1. In either case x is also adjacent o u2, u3, u4 
by Proposit ion 2.3(2). Therefore very vertex of G \  {ul, u2, u3, u4 } is adjacent o either 
all of u 1, u2, u3, u4 or none of them. Hence G \ { u 1, u2 } is still connected and, moreover, 
every pendant vertex or twin pair in G \  {ul, u2 } is of this kind in the full graph G as 
well. We conclude that G contains yet another pair of false twins disjoint from 
ul, u2, u3, u4. By a previous argument, we can assume that this pair is given by us, u6 
with P5 = P6 = 1. Thus, u l , . . . ,  u6 induce a 3-0ctahedron. For m = 6 this constitutes 
the desired n-octahedron. Otherwise, m >/7, and we can continue as above. In 
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particular, this 3-octahedron lies in the pith level of each ug for i ~> 7. After finitely 
many steps we eventually arrive at an n-octahedron i duced by ul ..... u2, with Pl = 1 
for 1 ~< i ~< 2n such that G\{u l  . . . . .  u2,} is actually empty (and hence m = 2n). [] 
From the preceding proof we obtain the following fact. 
Corollary 4.5. For every power of a distance-hereditary graph G (with at least two 
vertices), the Helly number for the disks is even. 
5. Fans 
The join of a single vertex w with a path Xo . . . . .  xt of length I is called an l-fan; see 
Fig. 5. 
The 3-fan is sometimes referred to as the fan or the gem. Recall that this graph is 
a forbidden induced subgraph in distance-hereditary g aphs. In contrast, every/-fan is
contained in some power of a distance-hereditary graph as will be seen below. 
Given an/-fan F in some power G k we say that the edges incident with the central 
vertex w are the spokes of F. In particular, the edges WXo and wx~ are the two outer 
spokes of F, whereas all other spokes are referred to as inner spokes. The length of 
a spoke wx of F is the distance d(w, x) in G. 
Lemma 5.1. Let F be an induced 3-fan in the kth power of a distance-hereditary graph 
G (k 1> 2), consisting of the path Xo-Xl-X2-X3 and centre w. Let p = maxo ~< i~ 3 d(w, xl) 
be the maximal length of a spoke of F. 
(a) l f  d(w, xo) = d(w, x l )  = p, then k is even, G k-1 is nonchordal, and 
d(w, x2) = p -  1, 
d(X l ,X2)  = k - 1, 
d (xo ,x l )  = d(x2 ,x3)  = k, 
d(xo,x3) = d(xo, x2) = d(x l ,x3)  = k + 1. 
(b) I f  d(w, xo) < d(w, x l )  = p, then k is odd and 
d(w, xo) = d(w, x2) = p - 1, 
d(w,  x3)  = p, 
d(xo,x~) =\d(x l ,x2)  = k, 
d(xo,xz)  = d(x l ,x3)  = k + 1, 
d(xo,x3) -- k + 2. 
Proof. We will make excessive use of the 4-point condition for distance-hereditary 
graphs. 
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Zl  Z l  1;2 2:1 2:2 2:3 
11) I1) 11; 
X4 
Fig. 5. The 2-fan, 3-fan and 4-fan. 
(a) The 4-point condition for w, x0, x l ,  x 3 immediately ields d(xo, x3) = d(xl ,  X3). 
Therefore the mutual distances among the four points Xo,X1,XE,X3 must be as 
asserted in the lemma. Now, comparing the distance sums for W, Xo,Xl,X2, we 
conclude that d(w, x2) = p - 1. From Lemma 3.5 we infer that k must be even and 
G k- 1 has an induced 4-cycle. 
(b) To start with, consider the four points W, Xo,Xl,X2. The respective distance 
sums in G are 
d(w,x~) + d(xo,X2) >~ p q- k + 1, 
d(w, xo) + d(Xl,X2) <~ p + k - 1, 
d(w, xz) + d(xo,x l  ) <~ p + k, 
whence the two smaller sums equal p + k -  1, while the largest sum is exactly 
p + k + 1. Hence d(w, Xo) = p - l and d(xo, x2) - 1 = d(xl ,  x2) = k. Suppose by way 
of contradiction that d(w, x2) = p and consequently d(xo, x~) = k - 1. Then by sym- 
metry we also have d(w, x3) --- p - 1 and d(xl,x3) = k q -  1 since d(w, x3) = p would 
be in conflict with (a). Now, the three distance sums for the points W, Xo,X~,X3 are 
p + k - 2, p + k, and at least p + k + l, respectively. So, this case cannot occur, and 
we conclude that indeed d(w, x2) = p - 1 and d(xo,x l )  = k. 
Considering the four points Xo,X1,X2,X 3 one obtains d(xo,x3) = d(Xl,X3) + 1 >~ 
k + 2. Using this and the trivial inequality d(w, x3) <~ p, we infer from the 4-point 
condition for w, Xo, x l ,x3 that equality holds throughout. This proves the equalities 
asserted in (b). 
Finally, suppose that k is even. Extend G to a distance-hereditary graph H by 
attaching a new path of length k - p + 1 to w. The new pendant vertex t is then at 
distance k to Xo and x2, but at distance k + 1 to x~, so that t, Xo,X~,X2 induce 
a 4-cycle in the even power H k, contrary to Theorem 3.4. This completes the 
proof. [] 
Lemma 5.2. Let F be an induced 4-fan with centre w and path Xo-Xl-X2-X3-X 4 in the 
kth power of a distance-hereditary graph G (k >~ 2). Let p be the maximal length of 
a spoke of F. 
(a) I f  d(w, x2) = p, then k is odd and d(w, x l )  = d(w, x3) = p - 1. 
(b) I f  d(w, x l )  = p, then k is even, G k-1 is nonchordal, and d(w, xo) = p. 
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Proof. (a) Since wx 2 is an inner spoke of the 3-fans with paths x1-x2-x3-x  4 and 
x3-x2-x~-xo,  we can apply the preceding lemma and then infer that both spokes wx~ 
and wx3 have length p - 1, so that k is necessarily odd. 
(b) Suppose d(w, xo) < p. Then according to Lemma 5.1(b) we have that k is odd, 
and 
d(w, xo) + 1 = d(w,  x2)  -F 1 = d(w,  x3)  = p, 
d(x i ,x j )=(k -1)+( j - i )  fo r i< j~<3and i~< 1. 
Suppose d(w, x4) < p. Applying Lemma 5.1(b) to the 3-fan with path x4-x3-x2-x l  
yields 
d(w, x4) = p - 1, 
d(x3 ,x4)  = d(x2 ,x3)  = k, 
d (x2 ,x4)  = d(xx,x4) - 1 = k + 1. 
From the condition on the four points Xo, xl,  x3, x4 we obtain d(xo, x,) = k + 3. Thus 
the distance sums for the points W, Xo,X~,X4 are p + k - 1, p + k + 1 and p + k + 3, 
respectively, contradicting the 4-point condition. Therefore d(w, xa)= d(w, x4)= p, 
so that G k -  ~ is nonchordal and k is even by virtue of Lemma 5.1(a). [] 
Lemma 5.3. Let G be a distance-hereditary graph such that the power G k -  1 (where 
k >~ 2) is chordal. Then no induced l-fan F in G k has an inner spoke that attains the 
maximal length of the spokes of F whenever l >~ 3 in case G is ptolemaic, or l >~ 5 
otherwise. 
Proof. Suppose the contrary: let F be an induced/-fan in G k with centre w and path 
X 0 . . . . .  X l . 
First assume that G is ptolemaic. Let l = 3 and WXm be an inner spoke of maximal 
length p. In either case of Lemma 5.1 we obtain 
d(xo,x l )  = k, d(w,  x2)  = p - 1, d(xo ,x2)  = k + 1. 
For the vertices W, Xo,Xl,X2 we obtain the distance sums p + k + 1, p + k - 1, and 
at most p + k, thus violating the 4-point condition for ptolemaic graphs. 
Now consider the general case, and assume l= 5. First apply Lemma 5.2(b) to 
the 4-fan with vertices W, Xo,X1,X2,X3,X4.. Since G k ~ is chordal, it follows that 
d(w, x l )  < p and d(w,  x3)  < p (by symmetry). The same argument for the other 4-fan 
included in the 5-fan F yields d(w,  x2)  < p and d(w, x4) < p, as required. [] 
Theorem 5.4. The kth power of a distance-hereditary graph G has no induced (k + 2)-fan 
if k is odd or G is chordal (i.e. ptolemaic) and no induced (2k + 2)-fan otherwise. Smaller 
fans may occur for each k in either case. 
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Proof. Let F be an induced/-fan in G k (k >1 2) with centre w and path Xo . . . . .  xl. Let 
p be the maximal ength of the spokes of F. 
First assume that k is even. We claim that 
l<~212p-k l+ l~<2k+ 1. 
Proceed by induction on p. If p <~ k/2, then 1 ~< 1 since otherwise Xo and x2 would be at 
distance at most k and hence be adjacent in G k. So,  let p >~ k/2 + 1. We may assume 
I >/6. By virtue of Lemma 5.2(a) we have 
d(w, xi} ~< p - -  1 for all 2 ~< i ~< I - 2. 
Then, applying the induction hypothesis, we obtain I - 4 ~< 2(2(p - l) - k) + 1, as 
required. 
If k is odd or G is chordal, then G k 1 is chordal by Theorems 3.4 and 3.9. We claim 
that in this case 
l~<12p-k l+ l~<k+ 1. 
If p<~k/2, then l~<l as above. If p=(k+ 1)/2, then 1<~2, for otherwise, by 
Lemma 5.1, F would include a 3-fan with two spokes wxi and wxi+2 not both having 
length p, so that x~ and x~+2 would be at distance at most 2p-1  = k, giving 
a contradiction. Next assume p = k/2 + 1 and l=  4. Since G k-~ is chordal, we 
conclude by Lemma 5.2 that the lengths of the spokes wxl and wx3 are at most p - 1 
in any case. This yields d(w, xl)  + d(w, x3) ~< k, a contradiction. For I 1> 5 we come to 
the conclusion that no inner spoke has length p by means of Lemma 5.3. Therefore an 
inductive argument settles 
l -  2 ~ 2(p -  l )+  l -k ,  
as desired. 
The statement in the theorem is sharp for every choice of k as is confirmed by the 
three constructions indicated in Figs. 6-8. In each figure the vertices labelled by 
W, XO,X1,X 2 . . . .  induce the required/-fan in the kth power. 
Corollary 5.5. No power of an infinite distance-hereditary 9raph contains an induced 
to-fan (i.e. the join of a singleton and a one-way infinite path). 
XO 0--0"- . . .  
X! X~ Xk 
Fig. 6. A (k + 1)-fan in G k for k/> 3 odd. 
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XO 0- '~-  " " " 
2:1 Z k X2k 
" " i ! ! ! ~_~ ledg es 
k k 
Fig. 7. A (2k + 1)-fan in G k for k i> 2 even. 
Xo~ 0 ''' 
Z1 ZtZk  ~+1 "~k-I 
• i i i i " ~ edges 
w ] _k _k 
2 I 2 
Fig. 8. A (k + 1)-fan in G k for k/> 2 even• 
I 
The statement in Theorem 5.4 is no longer sharp for even k when only trees G are 
taken into consideration. In fact, we have the following result. 
Theorem 5.6. The kth power of a tree G has no induced (k + 2)-fan if k is odd and 
no induced (L(2k + 2)/3] + 2)-fan if k is even. Smaller fans may occur for each k in 
either case. 
Proof. For odd k the assertion follows from Theorem 5.4. So, let k/> 2 be even. We 
claim that every induced 2-fan in G k with centre w and path Xo - xl - x2 such that 
d(w, xo) > d(w, x l )  > d(w, x2) satisfies d(w, xo) - d(w, x2) > 3. Indeed, suppose 
d(w, xi) = p - i for i = 0, 1, 2 (where p ~> 3). From the 4-point condition (for ptolemaic 
graphs) applied to the points W, Xo,Xl,X2 in G we infer that d(x l ,x2)= k. Then, 
however, d(w, xt)  + d(Xl,X2) + d(x2,w) = 2p + k - 3 is odd, which is impossible in 
a bipartite graph. This proves the claim. 
Now, the case k = 2 being covered by Theorem 5.4, we may assume k t> 4. Let F be 
an induced /-fan in G k with centre w and path Xo . . . . .  xt, where I~> 4 and 
d(w, Xo) >>- d(w, xl). For some i >~ 1 we have the chain of inequalities 
d(w, xo) > d(w, x l )  > ... > d(w, xi), 
d(w,  xi+ 2) < ...  < d(w, xl) (if i ~< l -- 3) 
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by virtue of Lemma 5.3. Then from the above claim we infer 
k >1 d(w, xo) >1 d(w, xi) + k3ij 
and therefore 
3i - ½ <~ k - d(w, xi). 
We distinguish four cases. 
Case 1: i >~ l - 2. The preceding inequality thus yields 
z~(l - 2) - ½ <~ k - d(w, xt-  2 ) 
<~ 2k - d(w,x,_ 2) - d(w, xl) 
<~k-1 ,  
whence 
+ 1)+ 1. 
Case 2: i <~ l - 3 and max{d(w, xi),d(w, xi+2)} <~ d(w, xi+l). Then 
d(xi,xi+2) + d(w, xi+l) > k + d(w, xi+l) 
>~ max { d(xi, xi+l) + d(w, xi+2),d(xi+l,xi+2) + d(w, xi)}, 
conflicting with the 4-point condition in the tree G; see Proposition 2.2(2). So, this case 
cannot occur. 
Case 3: i~< l -3  and d(w, xi+~)< d(w,x~+2), As above, bounds on the spoke 
lengths obtain: 
L~(i- 1)J<~ k - d(w,x,_ ,), 
l ~i J <<. k - d(w, xl), 
L2a(l - i -  1)J<~ k-d(w,x ,+ l ) ,  
L{( I  - i - 2 )  / k - d (w,x ,+=) .  
Summation of these inequalities yields 
3 ( / -2 ) -  1 =~z(2i-  1 ) -½+az(2 l -2 i -3 ) -½ 
<~ 4k - (d(w, x i - l )  + d(w, xi+l)) -- (d(w, xl) + d(w, xi+2)) 
~< 2k-2 ,  
whence 
l~<{{k+ 1)+ 1. 
The final case assuming i~< l -  3 and d(w,x~) > d(w,x~+~) is proved in the same 
way (shifting the indices by 1). 
On the other hand, G k may contain an induced /-fan for l~  Z3(k + 1)+ 1 as is 
confirmed by the constructions displayed in Fig. 9. [] 
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Zo z t-z-~j+1 
• . . . . 
t t 
wt 3+, I 
(a) if ~ ~ 2 (mod 3) 
J ...11 
w I ~+1 I 
(b) if ~ = 2 (mod 3) 




X o ~  y 
w 
X2 
/r0 ~ Z4 
I0 
(a) (b) 
Fig. 10. Forbidden induced subgraphs in G 2. 
In powers G k for specific k one may still detect further forbidden induced subgraphs; 
a sample is provided by the concluding result. 
Theorem 5.7. The square of a distance-hereditary graph G does not contain the graphs 
of Fig. 10 as induced subgraphs. 
Proof. Suppose that the graph of Fig. 10(a) is an induced subgraph of G 2. From 
Lemmas 5.1 and 5.2 we infer d(x3 ,x4) -  1 and d(w, x4)= 2. This, however, is in 
conflict with Lemma 5.1 (b) when applied to the induced 3-fan with centre x4 and path 
x3-w-xs -y .  
Next suppose that the graph of Fig. 10(b) is induced in G 2. According to Lemma 5.2 
we must have d(w, x2) = 1. Since x l ,x3,y  I are pairwise nonadjacent, at most one of 
the spokes wxl, wx3, wyl can have length 1, say 
d(W, Xl) = d(w, x3) = 2. 
Then applying Lemma 5.1 to the 3-fans with paths Xo-X~-X2-X3 and x~-x2-x3-x4 
yields a contradiction. [] 
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6. Conclusion 
Summarizing, the powers of distance-hereditary graphs G share the following 
properties: 
• no induced house, cycle of length greater than 4, domino, octahedron minus an 
edge, ~o-fan, 
• no isometric n-sun for n >~ 4, 
• dismantlable (i.e. cop-win), 
• even Helly number (for the disks), whence pseudo-modular, 
• relaxed 4-point condition. 
One cannot expect that this list exhausts all features of these powers. Considering 
the kth powers, one can obtain much more information (e.g. as to forbidden induced 
subgraphs) that depends on the exponent k however. In addition, G k is evidently 
k-connected since any two nonadjacent vertices of G k are connected by at least k paths 
having only their end vertices in common. A full characterization of the kth powers of 
distance-hereditary graphs is hard to come by, even for k = 2. The only case settled so 
far is that of the squares of trees; cf. [18]. With some effort though, one should be able 
to characterize the squares of ptolemaic graphs. 
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